Weyl semimetals in a magnetic field give rise to interesting non-local electronic orbits: the ballistic transport through the bulk enabled by the chiral Landau levels is combined with a momentum-space sliding along the surface Fermi-arc driven by the Lorentz force. Bulk chiral Landau levels can also be induced by axial fields whose sign depends on the chirality of the Weyl point. However, the microscopic perturbations that give rise to them can be described in terms of gauge fields only in the low-energy sectors around the Weyl points. In addition, since pseudo-fields are intrinsic, there is no apparent reason for a Lorentz force that causes sliding along the Fermi-arcs. Therefore, the existence of non-local orbits driven exclusively by pseudo-fields is not obvious. Here, we show that for systems with at least four Weyl points in the bulk spectrum, non-local orbits can be induced by axial fields alone. We discuss the underlying mechanisms by a combination of analytical semiclassical theory, the microscopic numerical study of wave-packet dynamics, and a surface Green's function analysis. arXiv:2004.04175v1 [cond-mat.mes-hall] 8 Apr 2020
I. INTRODUCTION
Controlling the flow of electrons by taking advantage of the band structure topology is an interesting endeavor both from a fundamental and a practical perspective [1, 2] . In two-dimensional topological materials, electrons are guided through unidirectional scattering-free channels confined at the system surface. Unlike the integer quantum Hall effect, where time-reversal symmetry is broken by external magnetic fields [3] , the surface channels of topological insulators appear also in the presence of time-reversal symmetry and do not require external fields [4] [5] [6] .
In three dimensions, an alternative avenue to engineer the electronic flow is offered by Weyl semimetals [7] [8] [9] [10] [11] [12] [13] . These systems lack a full gap in their bulk spectrum. Instead, two energy bands touch at isolated points in reciprocal space. The quasiparticle excitations around these nodal points have a linear dispersion and resemble massless relativistic Weyl fermions. What makes these systems particularly interesting is a topological charge associated with the spectral degeneracies: each Weyl point acts as a source or sink of Berry curvature according to its chirality. The total Berry curvature in a 3D Brillouin zone must vanish. Therefore, Weyl points always come in pairs of opposite chirality in any lattice system [14] .
As much as for the integer quantum Hall effect and topological insulators, the non-trivial bulk topology manifests itself at the sample surfaces [7] [8] [9] . Namely, open equi-energy contours connect the projections of Weyl points of opposite chirality on the surface Brillouin zone and realize unidirectional channels on the surface of Weyl semimetals: the Fermi arcs.
In addition to the non-trivial surface physics, Weyl semimetals react in intriguing ways to the application of external fields. A magnetic field discretizes the spectrum in relativistic Landau levels and a unique feature of Weyl semimetals is the presence of a zeroth Landau level that disperses along the field direction and has zero group velocity perpendicular to it [14] . In particular, the sign of the dispersion of the chiral channel depends on the chirality of the unperturbed Weyl point. Hence, bulk unidirectional channels are separated in momentum space rather than real space, making Weyl systems in a magnetic field the 3D reciprocal space counterpart of the real space 2D integer quantum Hall effect.
The simultaneous presence of open Fermi-arcs ending at the Weyl-point projections on the surface and the chiral bulk channels is the key ingredient of a unique magneto-transport signature of Weyl systems: Weyl orbits [15] [16] [17] [18] [19] [20] [21] [22] [23] . They are non-local, closed trajectories that mix bulk and boundary degrees of freedom. The electrons with momentum around a Weyl point propagate ballistically through the bulk along (or against) the field direction on the field-induced chiral channel. Once they reach the surface, they slide along the Fermi arc under the action of the Lorentz force until they reach the projection of a Weyl point of opposite chirality. There, the chiral zeroth Landau level propagating in the opposite direction carries them through the bulk until they reach the opposite surface and the process repeats itself. This motion gives rise to a conveyor belt-like motion that leads to a transmission of electrons through a Weyl semimetal [16] , cf. Fig. 1(a) .
Recently, experimental evidences have been put forward for Weyl orbits in Dirac semimetals [24] [25] [26] [27] . These materials have four-fold degenerate points in their spectrum which can be seen as two Weyl points of opposite chirality superimposed in momentum space [7] . The lack of a well-defined chirality associated with Dirac points complicates the interpretation of these experimental results in terms of Weyl orbits.
Magnetic fields are not the only example of gauge fields that couple to Weyl fermions. An intriguing feature of the Weyl semimetals is that the two different chiral flavors have an independent gauge degree of freedom. In principle, it is possible to envision an axial gauge field that couples with different signs to Weyl points of opposite chirality. Such a field is tightly connected to the axial anomaly studied in high-energy physics [28] [29] [30] , but no axial background field is present in quantum electrodynamics. On the other hand, it has been argued that a similar phenomenology can be achieved in condensed matter settings via, for example, inhomogeneous uniaxial strain [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] . It is important to stress that all the proposed implementations mimic gauge fields exclusively in the low-energy sector and the "gauge" choice leads to observable effects. This is why the axial field in condensed matter systems is also dubbed the pseudo-magnetic field. Recently, the axial field has been realized in carefully engineered photonic [47] and acoustic [48] structures that simulate the phenomenology of electronic Weyl semimetals.
The chirality-dependent coupling of an axial field has important consequences for the Landau levels structure. Namely, in a two Weyl points system it leads to co-propagating chiral channels rather than counterpropagating ones [35] . What is the fate of Weyl orbits in the presence of an axial field? In the following, we seek the answer to this question. Clearly, they cannot take place in a minimal two Weyl points model. The copropagating zeroth Landau levels render the bulk propagation fully chiral, meaning, no way back through the bulk is available. Instead, the electrons remain confined at the surface. This situation has been argued to give rise to a topological coaxial cable [38] . The scenario drastically changes in the presence of time-reversal symmetry. In this case, the minimal number of Weyl points is four [14] . Moreover, the co-propagating bulk channels of a pair of Weyl points are accompanied by the counter-propagating set of zeroth Landau levels associated with the time-reversal partner pairs. In fact, timereversal symmetry does not allow for fully chiral bulk channels. As we show in this work, Weyl orbits driven exclusively by an axial field are in principle possible in the time-reversal symmetric setting, albeit not obvious. This, despite the fact that the pseudo-magnetic field cannot be described in terms of gauge fields away from the low-energy sector of the Weyl points and an interpretation of its effect in terms of a Lorentz force is at best in question. Moreover, the connectivity of the Fermi arcs might prevent closed bulk-boundary oscillations, as we will further argue in this work.
The remainder of the paper is organized as follows. In Sec. II, we introduce the minimal model for a timereversal symmetric Weyl system used in this work. In Sec. III, we discuss the difference between magnetic and axial fields. We introduce a pseudo-magnetic field in our lattice model and study its effects on the bulk physics. In Sec. IV, we carefully characterize the surface physics of the model via effective surface Green's functions and show how the arc connectivity can be tuned via a simple parameter [49] . Compelling evidence for axial-fieldinduced Weyl orbits is provided in Sec. V and VI. First, we perform numerical simulations of the exact dynamical evolution of wave-packets in a finite lattice system. Second, we study the Bohr-Sommerfeld quantization induced by the closed Weyl orbits via effective surface Green's functions. Some concluding remarks are given in Sec. VII.
II. MINIMAL TIME-REVERSAL WEYL SYSTEM
We focus our attention on a Weyl system, namely a system with Weyl points in its spectrum, that preserves time-reversal symmetry and breaks inversion symmetry. Such a system could be an electronic material, but also a classical metamaterial or an ultracold atoms setup. As prescribed by the Nielsen-Ninomiya theorem [14] , one will find at least four Weyl points in the Brillouin zone.
Our results are generic and apply to any time-reversal symmetric Weyl systems with an arbitrary number of Weyl nodes. However, to illustrate the key ideas of our work, we use a minimal model that was originally introduced in Ref. [49] . The two-band Bloch Hamiltonian describing the system is:
where
and γ , η y , η z : T 2 → R are functions of the "transverse" momentum k ⊥ = (k y , k z ), τ is the hopping parameter and the Pauli matrices σ i act on an orbital degree of freedom.
Weyl nodes appear if one considers:
where M ∈ SL(2, R) and b z , b y ∈ [0, π]. The location of the Weyl points is independent of the choice of M and entirely determined by b z and b y . For b z = 0 and b y = 0, the four Weyl nodes are found at (k * x , k * y , k * z ) = (0 , ±b y , ±b z ). There, η y (k * y , k * z ) = 0, η z (k * y , k * z ) = 0 and H x (k * x ) + τ σ z = 0. The chirality χ is given by χ = sign[−τ sin k * y sin k * z ]. The details of the matrix M leave the bulk spectrum invariant but affect the curvature and connectivity of the Fermi arcs, as further discussed in Sec. IV. In this work, following Ref. [49] , we choose
with ϕ ∈ [π, 3/2π]. Whenever the function γ has a non-trivial dependence on k ⊥ , the Weyl cones get tilted. Here, we assume γ (k ⊥ ) = 0 and only a global energy shift 0 is allowed. Namely, we deal with ideal type-I Weyl semimetals with non-tilted Weyl points all at the same energy [7] .
III. INHOMOGENEOUS WEYL SEMIMETALS AND AXIAL FIELD
A. Weyl semimetals and gauge fields: magnetic vs. axial Some of the most intriguing aspects of Weyl semimetals are their transport properties in the presence of gauge fields. In this Section, we will review how the coupling to these fields affects the bulk physics.
A low-energy description of an optimally doped Weyl semimetal is particularly suitable to study these properties. Indeed, around the Weyl points energy 0 , the bulk properties of a Weyl system with two Weyl points are dominated by the quasi-particles described by a lowenergy Weyl Hamiltonian:
where v ij denotes the velocity tensor, the Pauli matrices σ i encode a pseudo-spin degree of freedom, the vector 2A 5 indicates the Weyl points separation in reciprocal space and χ = ± is the chirality of the Weyl points. Eq. (6) provides a low-energy description of the minimal model of Weyl fermions. Namely, the Nielsen-Ninomiya theorem [14] requires a minimum of two Weyl points of opposite chirality, which are here separated by 2A 5 in reciprocal space. An external magnetic field B can be directly added via minimal coupling: k → k − eA, where A is the electromagnetic gauge potential and B = ∇×A. For simplicity, we consider the concrete case B = Bx and choose to work in the Landau gauge A = Byẑ.
The external field alters the energy spectrum giving rise to discrete Landau levels [14] :
with n ∈ Z. For n = 0, relativistic Landau levels with energy spacing ∝ √ n appear. The unique feature of Weyl semimetals is the appearance of chiral zeroth Landau levels linearly dispersing along (or against) the field. In particular, Weyl points of opposite chirality χ have counter-propagating zeroth Landau levels. From a semiclassical perspective, an external magnetic field shifts the Weyl points in momentum space as a function of real space: k → k − eA. The vector A 5 enters the low-energy description of Eq. (6) similarly to a gauge potential: k → k − χA 5 . Whenever A 5 becomes spatially dependent, also the location of Weyl nodes in momentum space becomes a function of real space. In comparison to a real magnetic field, however, nodes of opposite chirality shift in opposite directions. A space-dependent A 5 induces an axial or pseudo-magnetic field: B 5 = ∇ × A 5 . This axial field can be regarded as a magnetic field that couples with opposite signs to nodes of opposite chirality.
Similarly to an external magnetic field, one could study the transport properties of Weyl semimetals in the presence of an axial field. There is, however, a key difference: the gauge potential A 5 couples to the topological charge χ rather than the electric charge e. This alters the discretization of the spectrum in Landau levels [35] :
with n ∈ Z. Note that the dispersion of the zeroth chiral Landau level ceases to depend on the chirality χ. Weyl points of opposite chirality give rise to co-propagating chiral channels. This seemingly innocent change has profound effects on many transport phenomena, notably on Weyl orbits. A question of paramount importance is whether and how it is possible to realize this pseudo-magnetic field. This amounts to a spatially dependent separation of the Weyl points in reciprocal space A 5 = A 5 (r), such that ∇ × A 5 = 0. Various proposals have been put forward. For example, inhomogeneous strain [34, 35, 38, 39, 44, 50, 51] , inhomogeneous magnetization [52, 53] or propagating sound waves [37, 54] (see Ref. [31] for a review). The axial field does not couple to the electromagnetic charge, rather to the topological charge χ. As such, it is amenable to realization also in platforms with bosonic neutral excitations as neutral ultracold atoms and phononic or photonic crystals.
The concrete implementation of an axial field points to the crucial difference from an external magnetic field. The latter is an external gauge field that minimally couples to momentum across all energy scales. The former is a complicated microscopic perturbation that acts as a gauge field exclusively in the low-energy description around a Weyl point as in Eq. (6) . In turn, this means that the choice of "gauge" can have observable consequences.
B. Axial field in a time-reversal four Weyl points system
To study whether Weyl orbits can occur in the exclusive presence of an axial field, we introduce it in the model of Eq. (1) . At least at a theoretical level, this can be readily done.
By promoting b y and b z to space-dependent functions, the location of the Weyl nodes in momentum space acquires a spatial dependence. In particular, Weyl points of opposite chirality shift in opposite directions: the minimal requirements for the low-energy physics to be captured by an axial gauge field.
We consider a field alongx and choose to work in the Landau gauge with an axial gauge potential A 5 = B 5 yẑ. Therefore, we add to the microscopic theory the following space-dependent perturbations:
and ηz = sin(ϕ) cos(ky) − cos b 0
This change in the microscopic formulation of Eq. (1) highlights how the perturbation acts as a gauge field exclusively in the low-energy theory.
The Weyl points are moved around their original unperturbed positions given by (b 0 y , b 0 z ) = (π/2 , π/2). This ensures that the chiral Landau levels induced by the axial gauge field are centered at (0 , ±b 0 y , ±b 0 z ). In particular, the channels velocity is towards +x at (0 , −b 0 y , ±b 0 z ), while towards −x at (0 , +b 0 y , ±b 0 z ), cf. Fig. 1(b) . The presence of time-reversal symmetry forbids fully chiral bulk-channels: time-reversal T acts on the Bloch Hamiltonian as T H * (k)T = H(−k), thereby, it reverses the dispersion of the unidirectional chiral channels described by the effective Hamiltonian: H(k x ) = v F k x . This situation is more complicated than the inversion symmetry preserving setting considered in Sec. III A and Eq. (8) and allows for new intriguing phenomena.
In the presence of four Weyl points, it is useful to introduce an additional Z 2 index ξ to distinguish among time-reversal partners. For the model of Eq. (1), we choose ξ = +1 (ξ = −1) for Weyl points at +b 0 y (−b 0 y ). The minimal coupling of an axial gauge field for a timereversal symmetric system with four Weyl points is captured by k → k − ξχA 5 . This can be appreciated in the low-energy expansion of Eq. (1) in the presence of the space-dependent perturbations of Eq. (9)- (10):
where we chose b 0 y = b 0 z = π/2. Here, ξ and χ are the Z 2 indices introduced to describe a minimal Weyl system in the presence of time-reversal symmetry, while β = cos [B 5 (y − L y /2)] is a space-dependent renormalization of the Fermi velocity caused by the axial potential. This velocity correction stresses how the microscopic origin of the axial pseudo-potential can lead to observables effects of the "gauge" choice.
IV. SURFACE PHYSICS

A. Effective surface Green's functions
Weyl orbits rely on the presence of open equi-energy contours on the sample surface that connect the projection of Weyl points of opposite chirality. In this Section, we carefully characterize the surface physics of the model of Eq. (1).
We start by going back to a situation without an applied (axial) field and rely on effective surface Green's functions to study the Fermi arcs of our model [18, 55] .
The Weyl nodes are separated in the k y -k z plane. Therefore, we expect Fermi arcs connecting the projections of Weyl points of opposite chirality χ on surfaces perpendicular tox.
We consider a slab finite in thex direction and infinite alongŷ andẑ, such that k y and k z continue to be good quantum numbers. Each of the L x layers alongx is described by the 2 × 2 Bloch Hamiltonian H ⊥ (k ⊥ ) of Eq. (3). Each layer is then coupled to the neighboring ones via the matrix
and its conjugate transpose R † . The Hamiltonian describing the whole slab is a 2L x × 2L x matrix:
Rather than considering the entire system, we can attempt a separate description of the surface and bulk physics. The former consists only of the upper and lower layers. In principle, it is captured by the Hamiltonian:
where the upper (lower) block describes the upper (lower) surface. The bulk, on the other hand, is represented by a matrix H b (k ⊥ ) analogous to Eq. (13) but of size 2(L x − 2)×2(L x −2), i.e. the whole slab with the external layers removed. From the surface and bulk Hamiltonians, we can define the respective decoupled Green's function in the Matsubara representation:
where ω n = (2n + 1)π/β with n ∈ N and β = 1/k B T . The bulk and the surfaces are coupled via the 2(L x − 2) × 4 matrix:
Therefore, an effective description of the surface physics requires to carefully trace out the bulk and not to simply neglect it. Especially in the vicinity of the Weyl points, bulk and surface modes are highly coupled and a description in terms of the simple bare surface Green's function of Eq. (15) is not sufficient. This leads to an effective surface Green's function [18, 55] :
Note that this effective surface propagator contains a finite lifetime induced by the possible decay of surface states into the bulk and cannot be directly related to an effective surface Hamiltonian. From the effective surface Green's function, the surface spectral density can be directly computed as S eff (iω n , k ⊥ ) = − 1 π Im [Tr (G eff (iω n , k ⊥ ))]. Eq. (17) is the simple equation that allows us to exactly locate the Fermi arcs of our model as explained in the following.
B. Fermi arcs
Via the effective surface Green's function of Sec. IV A, we can readily show how the connectivity of the Fermi arcs can be tuned through the parameter ϕ of Eq. (5) [49] . This will prove to be a crucial factor for the existence of Weyl orbits induced by an axial field.
Fermi arcs are the surface manifestation of the nontrivial bulk topology of Weyl semimetals. They can be understood by reducing a Weyl semimetal to a set of Chern insulators. Concretely, transversing a conical touching point in momentum space changes the Chern number of the two-dimensional momentum-space slices perpendicular to the direction in which the Weyl point is crossed. In other words, a layer Chern number acquires a non-zero value in between the projection of two Weyl points of opposite chirality. Consequently, the number of chiral edge channels per momentum space layer changes. This abrupt change in the number of surface states is manifested by the open Fermi arcs. Alternative interpretations of Fermi arcs that do not rely on a layer Chern number have been recently discussed [31, 35, 56, 57] .
Generically, one has to resort to numerical methods to obtain the effective surface Green's function of a finite slab and locate the Fermi arcs as described in Sec. IV A. Nonetheless, the study of a semi-infinite sample allows for an analytical approach. In this case, we can exactly locate the Fermi arcs as a function of the parameter ϕ of Eq. (5).
We consider the limit where L x → ∞ and H s (k ⊥ ) = H ⊥ (k ⊥ ). Removing one layer, e.g., the surface layer, in a semi-infinite slab does not change the sample. Therefore, we can write a self-consistent equation for the effective surface Green's function:
The calculations simplify performing a unitary rotation U = exp (−iπσ x /4) such that:
and whereη z (k ⊥ ) = 1 + η z (k ⊥ ).
In the following analysis, we assume 0 = 0 and set the arbitrary energy scale τ = 1. We solve Eq. (18) to obtain the different components of G eff :
where p = 4 −(iω n ) 2 + η 2 y + −(iω n ) 2 + (η 2 y +η 2 z − 1) 2 .
(24) Analytic continuation iω n → ω + iδ gives the retarded Green's function G R eff . In the low-energy physics, the dominant contribution comes from the poles of G (2,2)R eff at ω → η y . We thus obtain:
The spectral function is:
Since 0 = 0, the Weyl points are located at energy ω = 0. There, all the surface spectral weight is concentrated on a limited portion of the surface Brillouin zone: the Fermi arcs. The analytical expression for the location of these open equi-energy lines is then given by: cos ϕ (cos ky − cos by) − sin ϕ (cos kz − cos bz) = 0 , (27) |1 + sin ϕ (cos ky − cos by) + cos ϕ (cos kz − cos bz)| < 1 .
For ϕ ∈ [π , 5/4π) Weyl points of opposite chirality χ with the same k y , hence same ξ, are connected by Fermi arcs. On the other hand, for ϕ ∈ (5/4π , 3/2π], Weyl points with the same k z and opposite ξ are linked on the surface. Only for ϕ = π and ϕ = 3/2π the arcs are straight. Fig. 2 shows the agreement between the analytical results of Eq. (27) and the numerical spectral density of a finite slab on the surface Brillouin zone.
Intuitively, Weyl orbits can occur only if bulk channels with opposite group velocities are linked by Fermi arcs. This happens for ϕ ∈ (5/4π , 3/2π], when Weyl points with opposite k y , and therefore opposite ξ, are connected by the surface states.
A simple picture is available. Fermi arcs always link Weyl points of opposite χ. Nevertheless, whether Weyl nodes with the same ξ are linked is purely a matter of energetics. Whenever opposite χ and opposite ξ are linked, the action of an axial field for such pair is analogous to a regular magnetic field in the low-energy sector. Timereversal symmetry is preserved as the other pair experiences a field of opposite sign. Therefore, if one neglects scattering between different Weyl nodes, the low-energy phenomenology resembles one of a single pair of Weyl nodes in the presence of an external magnetic field and Weyl orbits should be in principle possible.
V. WAVE-PACKET DYNAMICS
A. Exact evolution of wave-packets in a finite sample
To provide evidence for Weyl orbits in a time-reversal invariant system without external magnetic fields, we first numerically study the evolution of wave-packets in a finite sample [20, 58] . At the initial time t = 0, we prepare a Gaussian wave-packet localized at momentum k 0 and centered around r 0 :
where N is a normalization factor, r j = (x j , y j , z j ) is the coordinate vector of site j, |j is the single-particle state fully localized at site j and σ 2 is the real space variance of the initial wave-packet. The latter can differ among the various spatial components. Note that an additional orbital index has been suppressed, as the two inequivalent orbital degrees of freedom are treated on equal footings. The factor exp(ik 0 · r j ) localizes the wave-packet in momentum space around k 0 . The variance in momentum space σ 2 k is obtained from the real space one: σ 2 k = 1/4σ 2 , i.e., the more spread the wave-packet is in real space, the better localized it is in momentum space. It is important to localize the wave-packet in a single-band chiral channel induced by the axial magnetic field. To this end, we launch the wave-packet for a time t * with an extra phase factor exp(−i 0 t), where 0 is the energy of the unperturbed Weyl points. During the launching procedure and the subsequent free propagation, the wave-packet is evolved according to
where H is the real-space version of Hamiltonian (1) for a finite sample of size L x × L y × L z with the spacedependent perturbations (9)- (10) . Sparse matrices and direct numerical integration allow to perform this task efficiently. The linear system
is solved with biconjugate gradient iteration.
To study the evolution, we evaluate the expectation value and variance of various operatorsÔ:
In particular, we monitor the Hamiltonian H, the unperturbed Hamiltonian without axial magnetic field H 0 , the wave-packet's center of mass position in real space r and in reciprocal space k. Note that the expectation value of k is obtained from the Fourier transformed wave-packet:
It is important to stress that the momentum obtained via Fourier transform is the canonical momentum. This corresponds to the conjugate operator of the position operator: k = −i∇, which is however not gauge-invariant. From the expectation value of the canonical momentum operator k and the position operator r, we obtain the expectation value of the gauge-invariant kinetic momentum p = mv:
In particular, with our choice of gauge A 5 = B 5 yẑ, we get:
B. Low-energy semiclassical interpretation
In the following, we study the results of the simulations for a sample L x = 70, L y = 30 and L z = 110 and B 5 = π/60 with τ = 3 and 0 = 10. We launch the wave-packet at r 0 = (0 , 15 , 40), centered around momentum k 0 = (0 , −π/2 , π/2) and energy 0 = 10, with variance σ = (3 , 3 , 7). In Fig. 4 , we show the wave-packet evolution for three different values of ϕ: 1.5π in the first column, 1.4π in the second column and 1.2π in the rightmost column. Intuitively, we would expect to observe Weyl orbits in the first two cases where the Fermi arcs connect bulk channels with opposite group velocities, i.e. Weyl points with opposite ξ and χ.
The real space motion, shown in the first row of Fig. 4 , is compatible with Weyl orbits for ϕ = 1.5π and ϕ = 1.4π. The wave-packet propagates through the bulk until it reaches the surface where it slides along the arc and gets to the channel dispersing in the opposite direction. Then, it gets reabsorbed into the bulk until it reaches the other surface and the process repeats itself (see also Fig. 3 (a)-(b)). When ϕ = 1.2π, the wavepacket reaches the surface after dispersing through the bulk along the chiral Landau level but does not seem to perform any sliding there. After a few periods, the oscillatory behavior damps out. This suggests that Weyl orbits do not take place after the re-linking of Weyl points with the same ξ index, occurring at ϕ = 1.25π. The momentum space evolution deserves careful analysis and is shown in the second row of Fig. 4 . In the presence of a magnetic vector potential, one should consider the kinetic momentum p. Indeed, the standard semiclassical equations in the presence of non-trivial Berry curvature Ω are formulated in terms of p [42, 59] :
Nonetheless, the axial field in condensed matter systems resembles a gauge field exclusively in the low-energy theory around the Weyl nodes. Its physical origin, e.g., inhomogeneous uniaxial strain or magnetization, and effects away from the nodal points are different from the ones of an external magnetic field. One could then arbitrarily choose to consider the kinetic momentum or the canonical one. In the first case, the one considered in this study, one focuses on the low-energy description in terms of semiclassical equations and effective gauge fields. In the second case, a microscopic description that relies on the physical implementation of the axial field explains the same phenomena. Both interpretations are consistent.
To clarify the above discussion, we can analyze the second row of Fig. 4 . For ϕ = 1.5π the Fermi arcs are straight. This corresponds to a surface motion only along z. Hence, the canonical and kinetic momenta coincide since y = 0 (see Eq. (36)). A different situation arises when ϕ = 1.3π, cf. Fig. 4(e) . Here, the real space surface motion is both alongẑ andŷ. Therefore, canonical and kinetic momenta cease to be the same. The gauge potential explicitly breaks translational symmetry inŷ direction. Alongẑ, on the other hand, the finite sample is sufficiently long to ensure approximate conservation of momentum and hencek z = 0, cf. Fig. 4(e) . The kinetic momentum p z of Eq. (36), instead, varies as a consequence of the real space surface motion alongŷ. Fig. 3(e) shows that the kinetic momentum describes the trajectory of the Fermi arc as given by Eq. (27) . The situation is more complicated for ϕ = 1.2π. There, the Fermi arcs connect Weyl points with the same index ξ. Hence, they link points that experience gauge fields of opposite signs in their low-energy sectors. The concept of kinetic momentum is therefore ill-defined as it is not possible to define a unique field along the whole trajectory. As can be seen in Fig. 3(f) , the wave-packet does not follow the Fermi arc even when the kinetic rather than the canonical momentum is considered.
Finally, the evolution of the energy expectation value is shown in the third row of Fig. 4 . This provides clarification of the puzzling results in terms of canonical vs. kinetic momenta. The Hamiltonian in the presence of the axial gauge field can be written as:
where H 0 is the original unperturbed Hamiltonian of Eq. (1), specialized to a finite sample, and H 1 introduces the axial field perturbation, cf. Eq. (9)- (10) . The total energy is conserved during evolution. It is clear that a change in y causes a change in the energy associated with H 1 since the latter depends on the gauge potential, cf. Eq. (9)- (10) . Indeed, a motion along y occurs at the sample's surface for ϕ = 3/2π. In turn, this implies that the expectation value of H 0 , the unperturbed Hamiltonian of Eq. (1), has to change along the Fermi arc in order to keep the total energy constant. Fig. 4 (h) confirms this observation. If one simply computes ψ(t)|Ĥ 0 |ψ(t) , the wave-packet does not seem to follow equi-energy contours of H 0 . This is at odds with the expectation that the addition of gauge fields does not change the energy of the wave-packet. However, this reasoning requires to consider the kinetic momentum rather than the canonical one. Only in this case, one can interpret the result in terms of semiclassical equations of motion and sliding along equienergy lines of the unperturbed Hamiltonian.
When ϕ ∈ (5/4π, 3/2π], Weyl points with opposite ξ are linked on the surface. This allows introducing a welldefined kinetic momentum since it is possible to consider a global gauge field along the whole orbit trajectory. We can then evaluate the unperturbed Hamiltonian of a finite system alongx and fully periodic alongŷ andẑ at the kinetic momenta H 0 (k y , k z − B 5 (y − L y /2)). In this case, the energy does not change along the trajectory and the interpretation is consistent with the semiclassical picture of a wave-packet sliding along an equi-energy contour. This picture is completely analogous to one of Weyl orbits in an external magnetic field, cf. Fig. 4 (h) and Fig. 1(a) .
An interpretation of the trajectories in terms of a unique well-defined gauge field is no longer possible for ϕ ∈ (π, 5/4π], i.e., when Fermi arcs connect Weyl nodes with the same ξ. Focusing on the low-energy theory, it appears that one of the Weyl nodes experiences a field +B 5 , while the other an opposite one −B 5 along the trajectory. A unique kinetic momentum is now ill-defined. This is proved also by the results shown in Fig. 4(i) , where one sees that the unperturbed Hamiltonian evaluated at the kinetic momentum does not yield a constant expectation value. The interpretation of the wave-packet motion in terms of sliding on equi-energy lines driven by a gauge field no longer holds and Weyl orbits do not take place.
The wave-packet evolution supports the idea that Weyl orbits are possible in the exclusive presence of an axial gauge field and Fermi arcs that connect counterpropagating chiral bulk channels. The same bulk field with the "wrong" connectivity of the Fermi arcs, however, does not lead to Weyl orbits.
VI. DENSITY OF STATE OSCILLATIONS
The presence of Weyl orbits can be established also from the effective surface Green's functions introduced in Sec. IV A. In gapless systems in an external magnetic field, electrons perform closed trajectories and the density of states displays oscillations as a function of the externally applied field. The oscillation frequency is inversely proportional to the area enclosed by the Fermi surface and associated to the emergence of discrete energy levels. Semiclassically, these energy levels n satisfy the condition: n T ≈ 2π(n + λ) with n ∈ Z, T the period of the closed trajectory and λ a system-dependent shift associated to possible non-trivial Berry curvature encircled by the orbit.
The bulk Fermi surface for optimally doped Weyl semimetals is composed of isolated points. However, in the presence of field-induced Weyl orbits, the Fermi surface encloses a non-zero area. The external magnetic field B = Bx drives electrons through the bulk along the fieldinduced chiral channels for a time t = L x /v F , where L x is the sample length along the field direction. Once they reach the surface, they slide along Fermi arc pushed by the Lorentz force for a time t = k 0 /ev F B, where k 0 is the length of the Fermi arc. They then get reabsorbed in the bulk and repeat the same process on the opposite surface. This allows to compute the period of the orbit T and the energy discretization from the semiclassical Bohr-Sommerfeld quantization [15] :
where the magnetic length is defined as l 2 B = 1/eB. It is important to stress that this semiclassical formula is obtained in the presence of an external magnetic field that generates a Lorentz force. Moreover, it assumes a constant Fermi velocity along the whole trajectory.
Effective surface Green's functions allow to investigate the energy quantization beyond the semiclassical regime and in an unbiased way. An additional axial magnetic field can be readily added to the formalism of Sec. IV A. With the choice of Sec. III B for the pseudo-magnetic potential, the translation symmetry alongŷ is explicitly broken. Hence, k y is not a good quantum number and we work in real space rather than momentum space along theŷ direction. Therefore, the single-layer matrix H ⊥ (k ⊥ ) [Eq. (3)] and the matrix that couples different layers R [Eq. (12) ] become 2L y × 2L y matrices. All the other matrices are adapted subsequently. We consider a finite slab along the field directionx. Compared to the semi-infinite sample of Sec. IV B, an analytical solution is no longer possible. Nevertheless, the effective surface spectral density S eff (ω, k z ) can be obtained by numerical means.
The integrated effective surface spectral density S eff (ω) = π −π S eff (ω, k z )dk z shows maxima at the energies of the system eigenmodes. The presence of discrete energy levels is clearly seen in Fig. 5 for values ϕ = 1.5π and ϕ = 1.4π. On the other hand, for ϕ = 1.2π, the spectrum does not show a discretization compatible with Eq. (42) . Significantly, in this case, there is little dependence on the magnitude of B 5 and the observed dis-cretization is due to finite-size quantization.
These observations alone suffice to establish the presence of Weyl orbits-like phenomena in time-reversal invariant setting under the application of an axial field, provided that Weyl nodes with counter-propagating unidirectional bulk channels are linked by the surface Fermi arcs. To consolidate the interpretation of axial-fieldinduced Weyl orbits, we overlay to Fig. 5 (a)-(b) the semiclassical-theory prediction of Eq. (42) . Note that the overlay is performed with no free parameters, using the arc length computed from Eq. (27) and λ = 0.5. The small velocity correction alongẑ induced by the axial field has also been taken into account, cf. Eq. (11) .
The agreement between our numerical results and the semiclassical prediction highlights two important features. First, the value λ = 0.5 hints to a bulk-boundary oscillation that involves Weyl nodes with opposite chirality such that the total accumulated Berry phase along the orbit is zero [18, 60] . Second, the unbiased numerical results are compared with a formula based on a real magnetic field and assuming sliding on the arc induced by Lorentz force. This confirms that the axial field can be interpreted as a magnetic-like gauge field in the lowenergy theory also on the surface, at least when Fermi arcs connect Weyl points with opposite ξ index. Indeed, only in this case a unique field value can be assigned to the whole orbit.
VII. CONCLUSION
We presented a mechanism to realize non-local Weyl orbits while preserving time-reversal symmetry, i.e., without an external magnetic field. We showed that non-local bulk-boundary oscillations can be induced by a pseudo-magnetic field that couples with different signs to Weyl points of different chirality. This allows for the observation of a 3D Hall effect in a completely time-reversal symmetric system and parallels the relationship between the 2D quantum Hall effect and its quantum spin Hall effect counterpart. Moreover, the Weyl orbits addressed in this work strongly depend on the Fermi arc connectivity on the sample surface. This is determined by energetic arguments rather than topology and can be tuned via surface potentials [61] . Therefore, our proposal realizes a surface tunable switch for non-local conveyor belt motion of electrons in a Weyl semimetal [16] . Albeit we focused on a concrete tight-binding model to illustrate the key ideas of our work, the obtained results are generic and apply to any time-reversal symmetric Weyl systems with an arbitrary number of Weyl nodes.
Our theoretical predictions can be readily tested in different experimental platforms. Engineered platforms such as cold atoms [62, 63] , electric circuits [64, 65] or photonic [13, 66] and acoustic [67, 68] crystals are particularly suitable. Indeed, the axial field does not require to break time-reversal symmetry nor does one have to deal with charged particles. The former would necessitate an active control while the latter constrains to work with electrically charged excitations and rule out classical metamaterials. Our ideas could also be implemented in electronic materials [10] [11] [12] , where the axial field can be induced by different means, e.g. inhomogeneous strain and magnetization [31, 35, 51] .
Towards an implementation in electronic materials, an important future direction is the extension of our results to Dirac semimetals [15] . Experimental evidence of Weyl orbits in Cd 3 As 2 under the application of an external magnetic field has been put forward [24] [25] [26] [27] and has attracted controversies [69] . Strain physics has been recently studied in Cd 3 As 2 [70] with promising results. This might lead to the implementation of axial fields in Dirac semimetals and the study of the peculiar Weyl orbits of this work.
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